In this work, we modify the multi-stage Adomian-Rach decomposition method (shortly, ARDM) based on combining series solution and decomposition method for solving time-dependent nonlinear second-order ordinary initial value problems (IVPs) with separated nonhomogeneity. The proposed method overcomes the complexity of integral calculations in the standard Adomian decomposition method and the demerit of power series method. Approximate analytic solutions are obtained on a long domain with error estimations. Two modeling problems are investigated to demonstrate the efficiency, performance and high accuracy of the method.
Introduction
The Adomian decomposition method was investigated and developed by George Adomian for solving nonlinear differential equations [1] . This method avoids linearization, perturbation, discretization or any unrealistic assumptions. The method provides the solution in a rapid convergent series with easily computable components. Over the last two decades, it has modified, merged and emerged as an alternative method for solving a wide range of problems whose mathematical models involve algebraic, ordinary, partial, integral and integro-differential equations [2] [3] [4] [5] [6] [7] [8] [9] [10] and references therein.
In this paper, the multi-stage modification presented by Rach and Adomian [11] and reacted by Duan et al. [10] is considered and improved to get highly-accurate numeric-analytic solutions for some time-dependent nonhomogeneous second order ordinary IVPs.
Multi-Stage ARDM
Consider the second-order IVP in general form ( ) ( )
where f is an analytic and separable. i.e. f can be decomposed as a product of two analytic functions ( ) g t and ( ) h y . Consider the equally-spaced partition on the given domain 
The nonlinear term ( ) h y is decomposed in terms of solution coefficients n a 's as
That is since,
Thus, we present an alternating proof of the Adomian-Rach theorem: 
The k A 's can be defined in terms of k a 's, i.e.
( )
Applying Theorem 2.1 and since ( ) g t is analytic, the Cauchy product of infinite series implies that
t y g t h y c t t A a a a t t b t t
where, 
The used initial values in Eq (6) 
and used starting values
The exact solution on the given subdomain is obtained by
The k th order numeric approximations at the mesh points is generated to be
We define an approximate analytic solution for Eq. (1) on whole domain by the infinitely differentiable multi-rule function
and in the same way, for problems with unknown exact solution, the corresponding global absolute error is defined by [12] [13] [14] [15] ( )
Now, we state the convergence theorem of the assumed series solution Eq. (2) to discussed problem Eq. (1). To determine R in the previous theorem, Hadamard applied the root test to the power series and proved that 
Applications
To give a clear overview of the content of this work, the computer application program MATHEMATICA was used to execute the algorithms that were used with two examples, one of which with known exact solution and the other is of physical interest known as aging spring-mass system. 
whose exact solution is ( ) ( ) 
t y y t t t t A a a t t t A t t b t t t
The first few terms of Adomian polynomials j A corresponding to the nonlinear operator ( ) A h a a = = , ( )
The n a 's can be obtained by the recurrence relation in Eq. (9) with initials Fig. 1 . For some values of t , the obtained absolute errors using ARDM comparing to those obtained by applying the fourth-order Runge-Kutta method (RK4) are reported in Table1. The approximations using the ARDM are more accurate than others with clear difference. This problem was solved by the standard ADM [16] , our modified technique shows the high accuracy on long domain while the ADM gets progressively worse away from the origin. 
Table1. Absolute errors using ARDM and RK4 method for Example 3.1. Table 2 reports the approximated values using our approach with corresponding absolute errors defined in Eq. (16) 
Conclusions
In this paper, the powerful Adomian-Rach decomposition method is developed and employed for analytic treatment of nonlinear second order IVPs with separable non-homogeneity. Two tested problems are considered to show that our technique yields a more convenient, efficient and accurate form of the solution compared to the series solution of the standard decomposition method and other existing numerical methods. It is a worthwhile to mention that the new modification can be applied to other nonlinear differential equations in mathematical physics.
